In the extended thermodynamics of black holes, there is a dynamical pressure and its conjugate volume. The phase structure of many of these black holes has been studied a great deal and shown to give close analogues of the phase structure of various ordinary matter systems. However, we point out that the most studied black holes in this framework, such as Schwarzschild-AdS and Reissner-Nordström-AdS, and various analogues in higher-derivative gravity, do not have the type of elementary degrees of freedom that play a central role in the classic models of matter. This is because they have vanishing specific heat at constant volume, C V . As examples with non-vanishing C V , the Kerr-AdS and STU-AdS black holes do have such degrees of freedom, and a study of C V (T ) reveals Schottky-like behaviour suggestive of a finite window of energy excitations. This intriguing physics may have useful applications in fields such as holographic duality, quantum information, and beyond.
Introduction
The framework of black hole thermodynamics [1] [2] [3] [4] can be extended [5] [6] [7] [8] to allow for not just descriptions of the core thermodynamic quantities of thermal energy U , temperature T , and entropy S, but also a dynamical pressure 1 p and its conjugate, the volume V . The pressure enters the framework by allowing the cosmological constant Λ of the theory to be dynamical: p = −Λ/8πG.
The case of negative Λ, where the pressure is positive, most readily leads to discussions of stable thermodynamics, and indeed there is a large literature of studying the extended thermodynamics of various black hole solutions. It has been noticed (starting with the casting of the observations of refs. [12, 13] into this framework [14] ) that the thermodynamic phase structure often resembles that of models of familiar interacting matter systems such as the van der Waals gas, etc. For a review, see ref. [15] . It is rather mysterious that the phase structure (including critical exponents) maps so readily to that of non-gravitational systems, and unravelling that mystery may well lead to useful insights into the nature of gravity, especially when combined with quantum mechanics.
It may also have useful applications as a source of non-trivial thermodynamic models with readily accessible equations of state for non-gravitational applications, as suggested in refs. [16, 17] 2 .
More insight might be gained by considering the nature of the degrees of freedom that are in play in these systems, and that is what we do in this note, following some basic lessons from the history of thermodynamics and quantum physics. The point is that a study of the specific heats of a substance can give some insight into the available degrees of freedom (classical or quantum mechanical). Moreover, the contrasting nature of the specific heats at constant pressure C p and constant volume C V can provide useful clues. This goes back to the early models of gases provided by Einstein [26] , and Debye [27] , that allow the derivation of key measurable thermodynamic observables like C V , starting from simple statistical mechanical considerations of the basic degrees of freedom (for a review see e.g., refs. [28] [29] [30] ). Our key point here is that the behaviour of the specific heat as a function of temperature is an important, if coarse-grained, diagnostic of the degrees of freedom of a system. Interestingly, this behaviour seems to be infrequently examined in the extended thermodynamics literature for black holes, and our point is that there is information to be learned from it.
The core elements we need are all readily available in the black hole physics. The usual 1 See also earlier work in refs. [9] [10] [11] . 2 These observations have,á priori, nothing to do with holographic duality such as AdS/CFT [18] [19] [20] . In that context, being able to change p turns out to have an interpretation in terms of moving on the space of theories, changing the degrees of freedom, the precise dictionary depending upon the context (see e.g., refs. [21] [22] [23] [24] ). The holographic interpretation of the thermodynamic volume V in the dual field theories is a little more mysterious (it is not the volume of a vessel that contains the field theory any more than the pressure is the thermodynamic pressure in the field theory), but see a companion work to this paper [25] for some progress. specific heat of black holes in ordinary thermodynamics, C = T ∂S/∂T , becomes C p in the extended framework. For Schwarzschild black holes that are small compared to the scale set by the cosmological constant (Λ = −3/ 2 in D = 4), C p is negative. This is the familiar [3] result that such black holes wish to undergo runaway evaporation by radiating energy at a temperature that increases the smaller they get. But for large black holes C p is positive, and such stable black holes are central to a great deal of applications in theoretical physics through holographic studies [31] (using traditional i.e., unextended black hole thermodynamics-see refs. [32] for reviews), the aforementioned studies in extended thermodynamics, and even combinations of the two involving quantum information [24, 33] or the construction of holographic heat engines and refrigerators that use black holes as working substances [21] .
Let us recall some simple thermodynamics. The first law is dU = T dS − pdV . Coupling the system to an external heat bath, one can try to raise the temperature (and hence the internal energy) of the system. The specific heat C is a measure of how much heat is needed to do this.
The available degrees of freedom reveal themselves if they are present to store this energy in their excitation. At different temperatures, different degrees of freedom can become available, and so C(T ) is a useful function for keeping track of them. For example, in a diatomic gas, sudden increases in C(T ) around certain temperatures reveals the energies where the constituent molecules' rotational and (later) vibrational degrees of freedom become accessible. Crucially, the specific heat at constant pressure, C p also takes into account the fact that the system must do work in order to increase the volume of the system, and so generically it is larger than the specific heat at constant volume, C V . In a sense, C V is a more direct measure of the available degrees of freedom, at least the traditional ones that can be excited without making volume changes. Those are certainly the traditional ones we deal with in ordinary matter made of atoms and molecules.
It is notable therefore that the Schwarzschild and Reissner-Nordström black holes (and various other simple static black hole solutions of the pure Einstein gravity or higher-derivative generalizations thereof), have C V = 0 in extended thermodynamics 3 . We conclude that this implies that they do not posses such degrees of freedom. So while the phase structure of these black holes are strikingly similar to that of ordinary matter systems, in this regard they are pointedly different.
There are black holes that have C V = 0. The obvious pure gravity case to consider is a rotating black hole, the Kerr-AdS solution. The extended thermodynamics and phase structure was worked out in refs. [35, 36] , extending the computations of ref. [37] . Since the entropy and the thermodynamic volume turn out to be independent functions in that case, this implies C V = 0.
While this has been noticed before, the temperature dependences of the specific heats C p and C V remain unexamined in the literature so far, but can be straightforwardly extracted. They are difficult to write explicitly, because of the complexity of the equations of state. We therefore explore them numerically, and exhibit some of the key behaviour in section 3.
Since rotation sometimes adds, for some tastes, an unnecessary interpretational complication (the spacetime at infinity is not static), we also examine the family of "STU" black holes (in AdS) as another primary exhibit. These are charged black holes with the same asymptotic geometry as Schwarzschild or Reissner-Nordström, but coupled to a particular family of scalars 4 .
For these we again explore (in section 4) the specific heats in some sample regions of parameter space 5 , finding striking features similar to that which we observed for Kerr-AdS.
These are the striking features: For both Kerr and STU, the function C V (T ), on general grounds, is peaked at some intermediate T , falling to zero at large T . The temperature scale at which the peak occurs is set by the angular momentum, J, or the charge, Q, as is its height. This is reminiscent of a Schottky peak (a.k.a., a Schottky anomaly) in studies of ordinary matter [28] [29] [30] :
If there is a sector of the system with some degrees of freedom that afford a finite energy window (they could be, e.g., impurities in a condensed matter system, hyperfine splitting resulting in some finite set of energy levels, etc.), then they will make their presence known in C V (T ) as peaks. This is because at high enough temperatures the energies can be populated, giving a rise in C V (T ), but as T increases beyond a certain point there are no new energy levels to populate, and so the contribution to the specific heat from that sector decreases and eventually falls to zero at large T .
Our observation here is that since the entire C V (T ) vanishes at high T , (i.e., there are no contributions from an unrestricted continuum or discretuum of available energies as in ordinary matter) these black holes have, in this extended thermodynamic context, a highly restricted set of (traditional) degrees of freedom! There are some immediate and intriguing consequences of this.
The first is that the interesting phase structure that black holes have in extended thermodynamics, although it is similar to that of ordinary matter systems, must have its origins in very different kinds of microscopic physics. The ordinary translational, rotational, and vibrational degrees of freedom would contribute to C V (T ) at all non-zero T , but that is not what is seen here. The second is that there ought to be interesting applications of the black hole dynamics that exploits only our restricted degrees of freedom i.e., involving processes with non-trivial flows of heat that are isochoric. These could be useful in a wide range of contexts where black holes are relevant, from holography to quantum information. We will discuss implications further in section 5.
Reissner-Nordström-AdS Black Holes
Let us study the Reissner-Nordström-AdS black hole. While the physics we will present is mostly well known [12] , it is useful to review it here for comparison with what is to follow. We will work in four dimensions for clarity of presentation, but other dimensions will have the same key features.
The metric is:
where Q is the physical charge, the length is related to the cosmological constant by Λ = −3/ 2 , and 0 ≤ R ≤ ∞, and (θ, φ) are standard coordinates on a round S 2 . The horizon is at R + , the largest solution of F (R + ) = 0, associating a mass with a given horizon radius:
The traditional thermodynamics identifies the internal energy U with the mass and gives the temperature T and the entropy S as:
However, the extended thermodynamics associates the mass with the enthalpy [5] H ≡ U + pV = m(R + ), and the pressure is p = −Λ/8π = 3/8π 2 . Now since the first law is dH(S, p) = T dS +V dp, we have T = ∂H/∂S| p and V = ∂H/∂p| S and so, defining α ≡ 3/4π, we have:
and
A most pleasing feature of this system is the fact [12] figure 1 ). This is the same van der Waals structure that models the liquid-gas phase phase diagram. In the figure, the (green) short-dashed lines indicate the region of volumes that are excluded by the first order transition at a given temperature. The second order point is shown as a circle on the critical isotherm at T c . Above it, there are no first order subtleties, a point we will use in what is to follow.
Returning to the discussion of specific heats, the key observation here for our purposes is that the entropy S and volume V are both geometrical, and hence depend on the same variable, the horizon radius R + . The result is that changes in entropy cannot be made without changing the volume, or vice-versa. This is equivalent to saying [34] that this class of black holes has the constant volume specific heat C V = 0. On the other hand, C p can be computed in terms of the other thermodynamic variables in closed form. For example, writing it as a function on the p−V plane [14, 34] :
, where α = 3 4π . In this paper it is the dependence on temperature that interests us, and so we should extract that. Using equation (6) with the equation of state in (4), implies the function C p (T ).
Well away from the critical regime, the function C p (T ) grows from zero at T = 0 and behaves as C p = πT 2 /2p 2 as T → ∞. The large T behaviour (with C V = 0) is in fact a characteristic "ideal gas" behaviour [39] that governs all the solutions we will consider in this paper, and also the Schwarzschild solution. It follows from the fact that the equation of state (and hence all the thermodynamic functions) become dominated by the highest power of R + , rendering all other contributions (from charge and rotation) subleading: 2pR + = T . Near the critical regime, the function C P (T ) develops some structure, arising from the zeros in the denominator of equation (6) . These zeros are simply the turning points of the equation of state equation. The first order transitions occur before those zeros appear (if they are isolated) but they merge at the second order critical point and C p (T ) shows a classic divergence (known to have the van der Waals critical exponent [14] ). This is shown (for Q = 0.1) in figure 2.
Kerr-AdS Black Holes
For our first exhibit with C V = 0, let us turn to the Kerr-AdS spacetime, which has metric:
(Here we are working in four dimensions again, for clarity.) The horizon at R + , is again the largest solution of ∆(R + ) = 0. The physical mass and angular momentum are M = m/Ξ 2 and J = aM , respectively. The entropy is again a quarter of the area of the horizon, S = π(R 2 + + a 2 )/Ξ, but the thermodynamic volume turns out to be independent of S [35] . It is hard to write the equation of state T (p, V ) in closed form, but the mass, and a bit of algebra, yields enthalpy in the form H(S, p, J), from which T (S, p, J), and V (S, p, J), are readily derived [36, 37] :
This form is enough for our purposes. For a fixed value of J one can readily extract from equation (9) the behaviour T (S) at fixed pressure slices, and from there compute C p (T ) along that isobar at will. With only a little more effort, using equation (10) one can fix a volume and deduce, within a specified domain in the (p, S) plane, the coordinates of that isochoric curve.
Those same coordinates can then be used in equation (9) to determine the temperatures at points along that curve. This determines T (S) at fixed volume slices, and hence C V (T ). Amusingly, Kerr-AdS has a family of isotherms that qualitatively resembles that discovered for ReissnerNordström-AdS, and apparently shares the van der Waals critical behaviour seen there 6 [36] . The second remark is that one might worry that there are subtleties coming from the details of the first-order region below T c (the analogue of the region below the short-dashed (green) line in figure 1 ), but notice that the round top of the peak is clearly visible at a temperature above T c , and so that region cannot affect the conclusion that the round peak is a physically accessible feature here. Figure 4 and further exploration
shows that for other choices of fixed volume, as one reduces T , a portion of the peak is always swept out. Whether one gets the round peak top and starts to decrease again simply depends upon the choice of volume. In some cases, before cresting the curve one reaches a temperature at which one begins to enter the first order region. Thereafter, the discussion becomes more complex since the unstable (C p < 0) region is entered. Formally one can continue to maintain that fixed volume and continue to lower T in an analogue of supercooling, and continue to trace out the curve. Indeed, general thermodynamic considerations assure us that C V (T ) → 0 as T → 0, completing the other side of the peak.
It is interesting to ponder the location of the peak, and the round top, when it appears, is as good a marker as any. Note that in figure 4 , when V = V c (the closest curve), the top of the peak does not appear for T > T c and not so for higher V . Put differently, the round top of the peak that seems to be accessible is just toward the upper left of the critical point's position in the p−V plane. It is hard to write an analytic expression for its position, but on general grounds one might expect that it is not independent of the critical point's position. The only free parameter here is J, and so once the critical point's position is fixed, there's nothing left over to freely move the position of the peak, and so they must be related. Dimensional analysis shows that the critical point (and hence the accompanying Schottky-like peak) scales with J as p c ∼ 1/J, V c ∼ J 3/2 , with T c ∼ 1/J 1/2 and S c ∼ J.
STU Black Holes
The next examples we will explore are the so-called "STU" black holes (asymptotically AdS versions). Again, the thermodynamic volume for these was worked out in the literature [41] , and seen to be an independent function from the entropy. Therefore C V = 0 again, and it seems prudent to study its temperature dependence. Cutting to the chase, the result will be that we again have the peaked behaviour, as might be anticipated by our work in the previous section, and especially the fact that these black holes have the same large T asymptotics that gives vanishing C V (T ) at T → ∞. Moreover, the round top of the peak can again sometimes be seen at temperatures above where the first order critical region begins.
Actually, the Reissner-Nordström black hole is a special symmetric case of an STU black hole, as we will recall shortly. This leads to a nice picture: choices that break the symmetry to give the more general STU holes with the additional degrees of freedom are akin to a sort of "doping"
process. Degrees of freedom (resulting in a finite energy window) are added to the system resulting in C V = 0. This is exactly analogous to the sort of doping one might do in a material, resulting in Schottky peaks in the experimental data.
The STU-AdS metric is (again, working in four dimensions for presentational clarity) [42] [43] [44] :
and the functions H i = (1 + q i /r) are given in terms of four parameters q i (i = 1, · · · , 4). The horizon is at r = r + , where r + is given by f (r + ) = 0. This equation determines the parameter m in terms of q i and r + :
Then the extended thermodynamics yields [41] the following expressions for the enthalpy H, as well as T, S, V , and p:
The parameters q i are related to a family of four physical charges that are given by
There is a natural (perhaps even helpful) eleven dimensional picture of all this [12, 38, 44] . AdS 4 naturally arises from M-theory as a decoupling limit of an M2-brane, which as a two-dimensional object in 11 dimensions, as 8 transverse spatial directions. The decoupling limit yields the AdS 4 ×S 7 background of 11 dimensional supergravity. One could set the M2-brane spinning, if so desired.
There are four orthogonal planes in which those spins can be independently chosen. These spins correspond, after Kaluza-Klein reduction, to charges (our Q i ) under four U (1) gauge symmetries.
(See ref. [45] for a review.) The four dimensional theory also has three scalars with a potential term (not explicitly displayed here since we won't need them), and the U (1) gauge fields' actions have a coupling to the scalars. In the special case of all four charges being equal, the scalars decouple, and we return to the symmetric case of an Einstein-Maxwell-AdS action, and the solution is ReissnerNordström-AdS, with Q = i Q i /4. Shifting the radial coordinate to R = r + q we obtain the metric in equation (1), although Q there is twice Q here.
Treating, as we do here, the charges Q i as fixed, there is a rich thermodynamic phase structure for these black holes, generalizing the remarkable van der Waals like behaviour noticed in ref. [12] . As observed in ref. [41] , the broad distinguishing features of this large family of solutions can be captured by dividing into four classes: Four equal charges (Reissner-Nordström), which we will denote as 4-Q, three equal charges (3-Q), two equal charges (2-Q), and 1 charge (1-Q). The 3-Q case qualitatively has the same phases as the 4-Q (Reissner-Nordström) case, with a qualitatively similar family of isotherms as seen in figure 1 . The 2-Q case loses the van der Waals-like critical point: There is instead a critical temperature marking the change from isotherms with a single C p > 0 branch, to ones where C p changes sign once. Finally, the 1-Q case is rather similar in some respects to the case of no charge at all: All the isotherms have C p going from negative to positive as volume increases.
We have seen that much can be extracted from the 4-Q case quite readily since the thermodynamic quantities can be written in closed form in terms of physical quantities. Unfortunately, the non-diagonal cases are extremely hard to write in closed form. This is because one must hold the physical charges Q i fixed, while the solution and various thermodynamic quantities are written in terms of the parameters q i , which must be allowed to vary when computing the derivatives of the entropy to compute specific heats.
As a result of this difficulty in writing closed form solutions, we instead employ numerical methods to study the equations of state of the STU black holes, as well as computing C p (T ) and C V (T ). The strategy we chose was to pick a region of interest in the p−V plane and divide it into an n × n grid of points, doing the following computation for each point in the grid [41] : For a given V , equation (16) can be solved to give r + (V, q).
This solution r + (V, q) may be input into equation (12) , to yield m(p, V, q). Hence, we can determine q(p, V, Q) in terms of the fixed Q by using this m in equation (18) . From this we can determine T (p, V ) and S(p, V ) using equations (14) and (15) . The functions thus determined over the p−V grid are stored as "data" sets for later mining. Grids with n = 100 were typically used.
Both Maple and MatLab were used for generating and mining information.
With the points generated to make the functions T (p, V ) and S(p, V ), a numerical differentiation can be performed to generate the specific heats. Indeed for the 3-Q case the function We now turn to C V . We found good numerical control of our slices of parameter space if we kept Q small. The particular value we chose was Q = 0.05, as a check that our methods were reproducing the results of ref. [41] .
Significantly large Q led to numerical problems rooted in the fact that for every grid point the system must numerically solve high order polynomial equations for q, and sometimes large regions of the p−V plane proved too difficult.
So we worked with Q = 0.05. Since Q also controls the size of C V compared to C p , this meant that C V was very small compared to C p and therefore the process of numerical differentiation was prone to significant numerical error. Since the features of C V are our interest, it was worthwhile proceeding with care. To this end, we used the fact that (from using dS = (∂S/∂T ) V dT + (∂S/∂V ) T dV and a Maxwell relation):
where α p ≡ V −1 (∂V /∂T ) p is the isobaric thermal compressibility, κ T ≡ −V (∂p/∂V ) T is the isothermal bulk modulus. From this, C V is more accurately computed numerically by working out its difference from C p using those more accurately computable derivatives. This was tested in our numerics by first checking that, to the accuracy needed, the relation (19) gives zero for C V in the 4-Q case (done numerically as a testbed).
Applying it next to the 3-Q case yields a clear non-zero signal for C V . As an example, a plot of C V (T ) at a V > V c 0.0264 is shown in figure 6(a) , showing a round peak for T > T c 0.539, nothing remarkable happens to C V , as might be expected. It is of order 10 −4 − 10 −5 smaller than C p in this region. Again there is a steady decrease with increasing temperature fitting with the fact that at large T the whole system asymptotes to the "ideal gas" limit mentioned earlier, where C p = πT 2 /2p 2 and C V = 0. Figure 6 (b) shows similar behaviour at lower temperature and higher volume, where the overall function is another two orders of magnitude smaller (the limits of the 7 Ref. [41] showed numerically that this divergence is again in the van der Waals universality class. So overall, a similar pattern has emerged for the 3-Q case as the one we saw for Kerr in the previous section. Again, the round peak is in the neighbourhood of the critical point, and the lack of another free parameter beyond Q suggests that its location is tied to that of the critical point, for which the locations scale according to
, as for the 4-Q (Reissner-Nordström) case.
Discussion
Our central proposition is worth repeating here: Like any other thermodynamic system, an examination of the specific heat as a function of temperature can provide valuable clues as to the nature of the available underlying degrees of freedom. It is one of the oldest and most basic links between statistical mechanics and thermodynamics, and of course helped formed the foundations of our quantum theory of matter through key work of Einstein, Debye, and others [26] [27] [28] [29] [30] .
is in a sense a cleaner diagnostic tool than C p (T ), since the latter also accounts for energy given up to changing the volume of the system as well as exciting the degrees of freedom.
Now we turn to black holes, embedded in a theory of quantum gravity, a theory for which we are still struggling to understand the basic degrees of freedom. In this context they are thermodynamic objects, and the extended thermodynamics affords them with the opportunity to have both a C p and a C V . In light of the above, it is striking that C V = 0 for Schwarzschild, ReissnerNordström, and other static pure gravity solutions. The natural conclusion is that (despite the fact that their phase structure so often resembles that of models of familiar interacting matter) they do not have the same kinds of degrees of freedom at all, since C V (T ) should track degrees of freedom that can be excited without volume changes. A corollary of this is that the degrees of freedom in play (determining the overall phase structure, etc) can only be excited if also producing a volume change. This is of course very reminiscent of phenomena in basic string theory, and it is natural to conjecture that this is not an accident, especially given that (at fixed p) there is a dual description in terms of thermalized open strings connecting branes (giving the gauge theory at low energy). This suggests that a general lesson is simply that extended thermodynamics distinguishes between degrees of freedom that are stringy in origin and those that are not, such as momentum or Kaluza-Klein states, the latter only contributing to C V . This is worth further exploration.
Moving forward and carefully studying two types of black hole for which C V = 0 yielded a striking result. The function C V (T ) for various choices of V possess analogues of Schottky peaks.
Put differently, these black holes (in extended thermodynamics) have the more familiar "matterlike" degrees of freedom, but they come with a restricted set of energy levels. These are reminiscent of impurities, defects, or hyperfine splitting effects familiar in the laboratory, resulting in a band of available energies, or a finite set of discrete energy levels.
It would be interesting to better understand the origin of these special degrees of freedom.
Perhaps they have a natural description in some underlying string or M-theory description. The spinning brane origins of the STU black holes might provide a clue. In this regard if is worth noticing that for STU black holes in asymptotically flat space, there is a surprising connection between the T = 0 entropy formula and a measure of entanglement between three qubits [46] .
There is a natural way of building these black holes in type IIB string theory out of four sets of D3-branes wrapped on T 6 that makes the basis of discrete level choices quite explicit [47] . (See ref. [48] for a review of this subject.) The qubits don't seem to play a dynamical role in the physics (so far), and of course the details are all quite different from how AdS-STU black holes are realized, but it would be interesting to see if there could be lessons to be learned. Perhaps in the underlying string/M description of AdS-STU black holes there could be something that yields our finite energy window.
There is certainly more to be done to improve the exploration of the systems that we have considered here. The numerics can probably be approached more carefully in order to get better control of more of parameter space and hence fully map out the peaks. Moreover, there are possibly more details to be understood about how the peak is embedded in the 2-Q and 1-Q cases, and how much of the round top can be seen. Our studies there were not exhaustive, not the least because the precise location of the first order lines have not been worked out in the literature (this is also true for the 3-Q case). It would also be interesting to determine what sets the location of the Schottky-like peak in the 1-Q case, where no critical point is present.
Of course, there are other black hole solutions that are worth exploring from the perspective of this paper, in order to learn the nature of the degrees of freedom implicated by their specific heats. Most interestingly, it would be of interest to find a black hole solution for which C V (T ) might be extracted analytically, or at least in as closed a form as for the C p (T ) of Reissner-Nordström of section 2. That might allow for clearer statements to be made about the degrees of freedom that contribute to the peak.
Finally, regardless of the origin of these states that contribute so interestingly to C V (T ), their presence and nature demand that they be put to work 8 . The context is likely to be firmly in the realm of extended thermodynamics, since it is at constant volume that they are isolated from the other degrees of freedom. There could be applications to wherever black holes are of use, and this includes (but is not limited to) holographic studies of field theory and quantum information.
They could also be useful for further illuminating the nature of quantum gravity.
Aside from those subjects, extended thermodynamics can be regarded [16, 17] as a useful toolbox supplying new kinds of equations of state (organized through solutions of Einstein's equations) that can be helpful in the study of a broad class of thermodynamic systems, some of which even have experimental realizations. Our more refined understanding of the degrees of freedom that contribute to the physics could help in creating useful models. We hope to report on application examples shortly [25] .
